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Abstract
We first improve the previous results on the masses of the doublets (0+, 1+) and
(1+, 2+) with QCD sum rules up to the order of O(1/mQ) in HQET. With the mass
matrix of the two 1+ states, we obtain the mixing angle for the two states and
construct the interpolating currents which couple to only one of the two eigen states
up to the order O(1/mQ). Using these results we derive the light-cone sum rules for
the amplitutes of the pionic decay of B1 and B
∗
2 up to the order O(1/mQ) in HQET.
The O(1/mQ) terms in these amplitutes are found to be small. When applied to D1
and D∗2 the theoretical results are in good agreement with experimental data though
the theoretical uncertainty is sizable for the D system.
PACS number: 12.39.Hg, 13.25.Hw, 13.25.Ft, 12.38.Lg
1 Introduction
Important progress has been achieved in understanding the properties of heavy mesons
composed of a heavy quark and a light quark with the development of the heavy quark
effective theory (HQET) [1]. HQET provides a systematic expansion of the heavy hadron
spectra and transition amplitude in terms of 1/mQ, where mQ is the heavy quark mass. Of
course one has to employ some specific nonperturbative methods to arrive at the detailed
predictions. Among the various nonpeturbative methods, QCD sum rules is useful to
extract the low-lying hadron properties [2]. The propertes of the ground state heavy
mesons have been studied with the QCD sum rules in HQET in [3], [6]. In [4] the mass of
the lowest excited heavy meson doublets (2+, 1+) and (1+, 0+) were studied with QCD sum
rules in the heavy quark effective theory (HQET) up to the order of O(1/mQ). The widths
for pionic decays of the lowest two excited doublets (2+, 1+) and (1+, 0+) is calculated with
conventional QCD sum rules in the leading order of HQET in [5]. Properties of excited
heavy mesons were investigated also with QCD sum rules in full QCD in [7]. Deacy of
(1+, 0+) were investigated with light-cone sum rules [8] in [9]. The pionic couplings between
the lowest three doublets (2+, 1+), (1+, 0+) and (1−, 0−) of heavy mesons are investigated
in HQET using the light-cone sum rules [10]. In [11] the pionic couplings of the heavy
baryons are calculated with the same technique.
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One difficult problem encountered in studying the decay widths of excited heavy mesons
with QCD sum rules is the following. Except for the lowest states 0−, 1−, the spectra
contains a pair of states for any spin-parity JP . An interpolating current with definite
spin-parity in general couples with both two states.This parity is especially serious for the
two 1+ states.All theoretical calculations indicate that they are close in mass values but
quite different in magnitude of their decay widths. One of the two 1+ states is a narrow
resonance decaying mainly by emitting a D wave pion, while the other one is a very wide
resonance decaying mainly by emitting a S wave pion. An interpolating current used for
the narrow 1+ state with a small coupling to the other 1+ state may cause sizable error in
the result of calculation. Only in the mQ →∞ limit is there a conserved quantum number
jℓ, the angular momentum of the light component, which can be used to differentiate the
two states. Therefore, HQET has the important and unique advantage for this purpose.
Corrections for finite mQ can be calculated order by order in HQET.The interpolating
currents which couple to only one of the two JP states have been given in [4] and used in
[5].
In this work we shall calculate the decay widths of the doublet (1+, 2+) to the first
order in 1/mQ using the light-cone sum rule approach. As the necessary steps we present
the results from sum rules in HQET for masses of these excited states and their coupling
constants to the interpolating currents at the leading and next-to leading order in section
2 and section 3 respectivly. A large part of contents of these sections have been obtained
in [4].The new things include the addition of the leading O(αs) perturbation term for the
chromo-magnetic splitting Σ and the results for corrections to coupling constants at the
order O(1/mQ). We also improve the numerical analysis of the sum rules at the leading
order. The continuum threshold ωc and the working region for the Borel parameter T
determined from the stability criterum of the sum rules in the leading order are used in
the sum rules for Σ term and the kinetic energy term K in the corrections to the masses.
Solving the mass matrix of the two distinct 1+ states, we arrive at the mixing angle for
these two states. Using this angle the interpolating currents which couple to only one of
the 1+ states up to the order 1/mQ are constructed in section 4. In section 5 and 6 we
employ the constructed currents and the light-cone QCD sum rules (LCQSR) [8] in HQET
to calculate the pionic decay amplitudes of B1 and B
∗
2 up to the order O(1/mQ) taking
into account the mixing of two 1+ states. The results are summarized and discussed in
section 9.
2 Two-point QCD sum rules
The proper interpolating current J
α1···αj
j,P,jℓ
for the state with the quantum number j, P , jℓ
in HQET was given in [4]. These currents were proved to satisfy the following conditions
〈0|Jα1···αjj,P,jℓ (0)|j′, P ′, j
′
ℓ〉 = fPjlδjj′δPP ′δjℓj′ℓη
α1···αj , (1)
i 〈0|T
(
J
α1···αj
j,P,jℓ
(x)J
†β1···βj′
j′,P ′,j′
ℓ
(0)
)
|0〉 = δjj′δPP ′δjℓj′ℓ(−1)j S g
α1β1
t · · · gαjβjt
×
∫
dtδ(x− vt) ΠP,jℓ(x) (2)
2
in the mQ → ∞ limit, where ηα1···αj is the polarization tensor for the spin j state, v
is the velocity of the heavy quark, gαβt = g
αβ − vαvβ is the transverse metric tensor, S
denotes symmetrizing the indices and subtracting the trace terms separately in the sets
(α1 · · ·αj) and (β1 · · ·βj), fP,jℓ and ΠP,jℓ are a constant and a function of x respectively
which depend only on P and jℓ. Because of equations (1) and (2), the sum rule in HQET
for decay widths derived from a correlator containing such currents receives no contribution
from the unwanted states with the same spin-parity as the states under consideration in
the mQ → ∞. Starting from the calculations in the leading order, the decay amplitudes
for finite mQ can be calculated unambiguously order by order in the 1/mQ expansion in
HQET.
We shall confine our study to the doublets (0+, 1+) and (1+, 2+) here. There are two
possible choices for currents creating 0+ and 1+ of the doublet (0+, 1+), either
J†0,+,2 =
1√
2
h¯vq , (3)
J†α1,+,2 =
1√
2
h¯vγ
5γαt q , (4)
or
J
′†
0,+,2 =
1√
2
h¯v(−i) 6Dtq , (5)
J
′†
1,+,2 =
1√
2
h¯vγ
5γαt (−i) 6Dtq . (6)
Similarly, there are two possible choices for the currents creating 1+ and 2+ of the doublet
(1+, 2+). One is
J†α1,+,1 =
√
3
4
h¯vγ
5(−i)
(
Dαt −
1
3
γαt 6Dt
)
q , (7)
J†α1,α22,+,1 =
√
1
2
h¯v
(−i)
2
(
γα1t Dα2t + γα2t Dα1t −
2
3
gα1α2t 6Dt
)
q . (8)
Another choice is obtained by adding a factor −i 6 Dt to (7) and (8). Note that, without
the last term in the bracket in (7) the current would couple also to the 1+ state in the
doublet (0+, 1+) even in the limit of infinite mQ.
For the doublet (0+, 1+), when the currents J ′0,+,1/2, J ′1,+,1/2 in (5), (6) are used the
sum rule (same for the two states) after the Borel transformation is found to be
f ′2+,1/2e
−2Λ¯/T =
3
26π2
∫ ωc
0
ω4e−ω/Tdω − 1
24
m20 〈q¯q〉 . (9)
The corresponding formula when the current J0,+,2 and J1,+,2 in (3) and (4) are used instead
of J ′0,+,2 and J ′1,+,2 is the following
f 2+,1/2e
−2Λ¯/T =
3
16π2
∫ ωc
0
ω2e−ω/Tdω +
1
2
〈q¯q〉 − 1
8T 2
m20 〈q¯q〉 . (10)
3
When the currents (7) and (8) are used the sum rule for the (1+, 2+) doublet is found to
be
f 2+,3/2e
−2Λ¯/T =
1
26π2
∫ ωc
0
ω4e−ω/Tdω − 1
12
m20 〈q¯q〉 −
1
25
〈αs
π
G2〉T . (11)
Herem20 〈q¯q〉 = 〈q¯gσµνGµνq〉. These sum rules have been obtained in [4]. In the derivations,
only terms of the lowest order in perturbation and operators of dimension less than six
have been included.
For the QCD parameters entering the theoretical expressions, we use the following
standard values
〈q¯q〉 = −(0.24 GeV)3 ,
〈αsGG〉 = 0.038 GeV4 ,
m20 = 0.8 GeV
2 . (12)
Here we redo the numerical analysis of the sum rules with the following criteria.The high-
order power corrections is less than 30% of the pertuabation term without the cuttoff ωc
and the contribution of the pole term is larger than 40% of the continuum contribution
given by the perturbation integeral in the region ω > ωc. ωc is constrained to be smaller
than 3.2 Gev which is roughly the expected position of the pole of the radial excited state
with the same quantum numbers. Subjected to these criteria we arrive at the stability
region of the sum rules ωc = 2.8 − 3.2 GeV, T = 0.43 − 0.73 GeV for (9), ωc = 2.8 − 3.2
GeV, T = 0.82− 1.1 GeV for (10), and ωc = 2.8− 3.2 GeV, T = 0.54− 0.73 GeV for (11).
The results for Λ¯ for three cases are the following
Λ¯(1/2+) = 1.15± 0.10 GeV, (13)
for the doublet (0+, 1+) when the currents (3), (4) without the derivative is used.
Λ¯(1/2+) = 0.95± 0.10 GeV, (14)
for the same doublet when the currents (5), (6) with the derivative is used.
Λ¯(3/2+) = 0.82± 0.10 GeV, (15)
for the doublet (1+, 2+). These results shall be used in the following sections.
In the following sections we also need the values of f’s.
f+,3/2 = 0.19± 0.03 GeV5/2, (16)
f ′+,1/2 = 0.37± 0.06 GeV5/2, (17)
f+,1/2 = −(0.40± 0.06) GeV3/2. (18)
Note it is impossible to determine the absolute sign of f’s from QCD sum rule approach.
From the equation of motion we can derive [4]:
f ′+,1/2 = −Λ¯+, 1
2
f+,1/2 . (19)
In this work we adopt the convention of the positive f ′+,1/2, f+,3/2.
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3 The sum rules at the O(1/mQ) order
Inserting the heavy meson eigen-state of the Hamiltonian up to the order O(1/mQ) into
the correlator
i
∫
d4xeik·x〈0|T
(
J
α1···αj
j,P,jl
(x)J
†β1···βj
j,P,jl
(0)
)
|0〉 , (20)
the pole term on the hadron side becomes
Π(ω)pole =
(f + δf)2
2(Λ¯ + δm)− ω =
f 2
2Λ¯− ω −
2δmf 2
(2Λ¯− ω)2 +
2fδf
2Λ¯− ω , (21)
where δm and δf are of the order O(1/mQ).
To extract δm in (21) we follow the approach of [6] and consider the three-point corre-
lation functions
δOΠ
α1···αj ,β1···βj
j,P,i (ω, ω
′
) = i2
∫
d4xd4yeik·x−ik
′·y〈0|T
(
J
α1···αj
j,P,i (x) O(0) J
†β1···βj
j,P,i (y)
)
|0〉 , (22)
where O = K or S is the kinetic energy or the spin dependent term of the O(1/mQ)
lagrangian of the HQET. The scalar function corresponding to (22) can be represented as
the double dispersion integral
δOΠ(ω, ω
′
) =
1
π2
∫ ρo(s, s′)dsds′
(s− ω)(s′ − ω′) . (23)
The pole parts for them are
δKΠ(ω, ω
′
)pole =
f 2K
(2Λ¯− ω)(2Λ¯− ω′) +
f 2GK(ω
′
)
2Λ¯− ω +
f 2GK(ω)
2Λ¯− ω′ , (24)
δSΠ(ω, ω
′
)pole =
dMf
2Σ
(2Λ¯− ω)(2Λ¯− ω′) + dMf
2
[
GS(ω
′
)
2Λ¯− ω +
GS(ω)
2Λ¯− ω′
]
, (25)
where
Kj,P,jl = 〈j, P, jl|h¯v (iD⊥)2hv|j, P, jl〉 , (26)
2dMΣj,P,jl = 〈j, P, jl|h¯v gσµνGµνhv|j, P, jl〉 , (27)
dM = dj,jl, djl−1/2,jl = 2jl + 2, djl+1/2,jl = −2jl. (28)
Let ω = ω
′
in (24) and (25), and compare it with (21) one obtains[6]
δm = − 1
4mQ
(K + dMCmagΣ) . (29)
The simple pole term in (24) and (25) comes from the region in which s(s′) = 2Λ¯ and s(s′)
is at the pole for a radial excited state or in the continuum. These terms are suppressed by
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making double Borel transformation for bo th ω and ω′. One obtains thus the sum rules
for K and Σ as
f 2K e−2Λ¯/T =
∫ ωc
0
∫ ωc
0
dωdω′e−(ω+ω
′)/2TρK(ω, ω′) , (30)
f 2Σ e−2Λ¯/T =
∫ ωc
0
∫ ωc
0
dωdω′e−(ω+ω
′)/2TρS(ω, ω′) , (31)
where the spectral densities are obtained from straightforward calculations in HQET.
Confining us to the leading order of perturbation and the operators with dimension
D ≤ 5 in OPE, we find for the jPl =
1
2
+
doublet,
f 2K e−2Λ¯/T = − 3
27π2
∫ ωc
0
ω6 e−ω/Tdω +
3
24π
〈αsGG〉 T 3 , (32)
f 2Σ e−2Λ¯/T =
∫ ωc
0
∫ ωc
0
ρ(s, s′) e−
s+s′
2T dsds′ +
1
48π
〈αsGG〉 T 3 , (33)
with ρ(s, s′) = 1
96
αs(2T )
π3
Cmagss
′{s′2(3s− s′)θ(s− s′) + (s↔ s′)} when the currents (5) and
(6) are used and
f 2K e−2Λ¯/T = − 3
25π2
∫ ωc
0
ω4 e−ω/Tdω − 1
25π
〈αsGG〉 T − 3
8
m20 〈q¯q〉 , (34)
f 2Σ e−2Λ¯/T =
∫ ωc
0
∫ ωc
0
ρ(s, s′) e−
s+s′
2T dsds′ +
1
24π
〈αsGG〉 T + 1
48
m20 〈q¯q〉 (35)
with ρ(s, s′) = 1
24
αs(2T )
π3
Cmag{s′2(3s − s′)θ(s − s′) + (s ↔ s′)} when the currents (3) and
(4) with no extra derivative are used. For jPl =
3
2
+
doublet, a straightforward calculation
yields
f 2K e−2Λ¯/T = − 1
27π2
∫ ωc
0
ω6 e−ω/Tdω +
7
3× 25π 〈αsGG〉 T
3 , (36)
f 2Σ e−2Λ¯/T =
∫ ωc
0
∫ ωc
0
ρ(s, s′) e−
s+s′
2T dsds′ +
1
72π
〈αsGG〉 T 3 . (37)
with ρ(s, s′) = 1
288
αs(2T )
π3
Cmag{s′4(s − 35s′)θ(s− s′) + (s ↔ s′)}. Combining (32)-(37) with
(9)-(11) we can obtain sum rules for K and Σ in the three cases.
The spin-symmetry violating term S not only causes splitting of masses in the same
doublet, but also causes mixing of states with the same j, P but different jl. This mixing
is characterized by the matrix element
〈j, P, j + 1
2
| h¯v g
2
σµνG
µνhv |j, P, j − 1
2
〉 = −2 m+−(JP ) . (38)
This quantity can be extracted from the correlator
i2
∫
d4xd4yeik·x−ik
′·y〈0|T
(
Jj,P,j+ 1
2
(x) h¯v
g
2
σµνG
µνhv(0) J
†
j,P,j− 1
2
(y)
)
|0〉 , (39)
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the double pole term of which is
−
2m+−(JP ) fP,j+ 1
2
fP,j− 1
2
(2Λ¯+,j+ 1
2
− ω)(2Λ¯+,j− 1
2
− ω′) . (40)
With the methods similar to that used above one can obtain the sum rule of m+−(JP ).
For two 1+ states we find
m 1
2
, 3
2
(1+) f ′+ 1
2
f+ 3
2
e
−Λ¯
+1
2
/T
e
−Λ¯
+3
2
/T
=
∫ ωc
0
∫ ωc
0
ρ(s, s′) e−
s+s′
2T dsds′ +
√
6
72π
〈αsGG〉 T 3 .(41)
with ρ(s, s′) =
√
6
576
αs(2T )
π3
Cmag{ss′4θ(s− s′) + s3(6s′2 − 8ss′ + 3s2)θ(s′ − s)} for the currents
(6) and (7).
The sum rules (32)-(37) and (41) were obtained in [4] except that all loop corrections
of the order αs were neglected there. In this work we have included the perturbative terms
of the order αs in the sum rules for Σ and m1/2,3/2 which are leading perturbative terms
for these quantities.
The masses of two 1+ states are obtained by diagonalizing the mass matrix

Λ¯+, 1
2
− 1
4mQ
(K+, 1
2
− CmagΣ+, 1
2
)
1
4mQ
Cmagm 1
2
, 3
2
(1+)
1
4mQ
Cmagm 3
2
, 1
2
(1+) Λ¯+, 3
2
− 1
4mQ
(K+, 3
2
+ 5 CmagΣ+, 3
2
)

 . (42)
where Cmag = (
αs(mQ)
αs(2T )
)
3
β0 , β0 = 11 − 23nf . In our analysis we keep four active flavors with
the QCD parameter Λ¯QCD = 220MeV.
We can minimize the dependence of the sum rules obtained in Section 3 on f , Λ¯ and
ωc through dividing the sum rules in (32)-(37) by the sum rules in (9)-(11) respectively.
The seemingly stability at large T values is not useful, since in this region the sum rules is
strongly contaminated by higher resonance states. This continuum model contamination
problem is quite severe also in the case of sum rules analysis of ground state heavy meson
to 1/mQ [6, 18]. It originates from the high power dependence of the spectral densities.
Moreover the stability plateau for the three-point sum rules does not necessarily coincide
with that of two-point sum rules. We follow [6] and use the same working windows as those
of two-point sum rules in the evaluation of O(1/mQ) corrections.
Taking the working regions of the sum rules as that for the two-piont functions for the
three cases, we obtain the set of values for K as following:
K = −2.30± 0.40 GeV2 , (43)
for the doublet (0+, 1+) when the currents (3), (4) without the derivative are used,
K = −1.70± 0.40 GeV2, (44)
for the same doublet when the currents (5), (6) with the derivative are used, and
K = −1.60± 0.40 GeV2, (45)
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for the doublet (1+, 2+).
The results for Σ for the doublet (0+, 1+) in the working regions of the sum rules are
Σ = 0.22± 0.04 GeV2 , (46)
when the currents (3) (4) without the derivative are used and
Σ = 0.18± 0.03 GeV2 , (47)
when the currents (5), (6) with the derivative are used. For the doublet (1+, 2+), the value
of Σ is found to be
Σ = 0.03± 0.01 GeV2 . (48)
Dividing the sum rule in (41) by the sum rules in (10) and (11), we also obtain the
expression for m 1
2
, 3
2
(1+). Using the working windows as ωc = 2.8 − 3.2 GeV and T =
0.53− 0.73 GeV, we obtain
m 1
2
, 3
2
(1+) = 0.08± 0.02 GeV2 . (49)
The errors quoted above reflect only the variations with the Borel parameter T and the
continuum threshold ωc within the working windows. They do not include other intrinsic
errors in QCD sum rules in HQET. The corrections to the masses due to the mixing
are formally of the order 1
m2
Q
. By diagonalizing the mass matrix we found that they are
numerically negligible.
Since the experimental data is not yet available for the excited B mesons, we present
our results for the D system assuming the HQET is good enough for the excited D meson
too. For the doublet (0+, 1+), we have
1
4
(mD∗0 + 3mD′1) = mc + Λ¯ +
1
mc
[(0.57± 0.10) GeV2] , (50)
mD′1 −mD∗0 =
1
mc
[(0.22± 0.04) GeV2] , (51)
when the currents (3) and (4) are used and
1
4
(mD∗0 + 3mD′1) = mc + Λ¯ +
1
mc
[(0.42± 0.10) GeV2] , (52)
mD′1 −mD∗0 =
1
mc
[(0.18± 0.03) GeV2] , (53)
when the currents (5) and (6) are used. As for the doublet (1+, 2+), the result is
1
8
(3mD1 + 5mD∗2 ) = mc + Λ¯ +
1
mc
[(0.40± 0.10) GeV2] , (54)
mD∗2 −mD1 =
1
mc
[(0.06± 0.02) GeV2] . (55)
The renormalization coefficient Cmag of the chromomagnetic operator for charmed meson
in the above formulas is reasonably neglected. The results for B system are obtained by
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replacing mc by mb and multiplying the right hand sides of (51), (53) and (55) by 0.8 since
Cmag ≈ 0.8 for B system.
The results in (54) with the Λ¯ value in (15) and mc = 1.4GeV agree reasonably with
experimental data, though the uncertainties, especially for Λ¯, are somewhat large.
In the following sections we will need the values of r1,+, 3
2
= δf1,+, 3
2
/f1,+, 3
2
, r1,−, 1
2
=
δf1,−, 1
2
/f1,−, 1
2
and δf 1
2
, 3
2
, where δf is the correction to f due to the K and S terms in the
Lagrangian at the order of O(1/mQ) and δf 1
2
, 3
2
is defined as:
〈0|J1,+, 1
2
|1,+, 3
2
〉 = δf 1
2
, 3
2
η1,+, 3
2
(56)
which is also of the order 1/mQ.
Omitting the indices j, P, jl, r can be written in the form:
r =
GK
2mQ
+ dM
GΣ
2mQ
, (57)
where GK and GΣ are defined as:
〈0|i
∫
d4xK(x)Jj,p,jl(0)|j, p, jl〉 = fj,p,jlGKηj,p,jl , (58)
〈0|i
∫
d4xS(x)Jj,p,jl(0)|j, p, jl〉 = fj,p,jldMGΣηj,p,jl . (59)
The mixing coupling constant δf 1
2
, 3
2
= G 1
2
, 3
2
/2mQ where G 1
2
, 3
2
is defined as:
〈0|i
∫
d4xS(x)J1,+, 1
2
(0)|1,+, 3
2
〉 = G 1
2
, 3
2
η1,+, 3
2
. (60)
r1,−, 1
2
for the ground state 1− has been calculated in [19, 20]. Notice that δf1,−, 1
2
calcu-
lated in [19, 20] contains an additional term proportional to Λ¯/mQ. This term comes from
the O(1/mQ) correction in the expansion of the physical vector current Q¯γµq responsible
to the leptonic decay of B∗, where Q is the field in full QCD. For our purpose instead the
matrix elements of the interpolating currents Jj,p,jl defined in (1) and (2) at the leading
order are needed. Therefore this term is not included in (57). ¿From the results of [20],
we know r1,−, 1
2
= −(0.82± 0.30)/mQ for 1− and r0,−, 1
2
= −(0.74± 0.30)/mQ for 0− heavy
meson at the leading order of αs [20].
We follow the method used in [20] to derive the GK , GΣ and G 1
2
, 3
2
for the B1 meson
and B∗2 doublet. Letting k = k
′ and ω = ω′ in (22)-(25) and (39)-(40) we arrive at the
following sum rules:
f 2+, 3
2
e−
2Λ¯
+, 32
T (2GK +
K
T
) = − 3
64π2
∫ ωc
0
s5e−
s
T ds+
7
96
〈αs
π
G2〉T 2 , (61)
f 2+, 3
2
e−
2Λ¯
+, 32
T (2GΣ +
Σ
T
) =
αs
32π3
∫ ωc
0
s5(
25
81
− 4
15
ln
s
µ
)e−
s
T ds+
1
72
〈αs
π
G2〉T 2 , (62)
9
f+, 3
2
f ′+, 1
2
e−
Λ¯
+, 32
+Λ¯
+, 12
T (
2G 1
2
, 3
2
f+, 1
2
+
m+−
T
) =
√
6αs
32π3
∫ ωc
0
s5(
4
81
− 1
9
ln
s
µ
)e−
s
T ds+
√
6
72
〈αs
π
G2〉T 2 ,
(63)
where we take µ = 2T as in the evaluation of K and Σ.
In order to obtain GK , GΣ and G 1
2
, 3
2
we subtract (61), (62) and (63) by the expressions
of (36), (37) and (41) after they are divided by T . The dependence of GK , GΣ and
G 1
2
, 3
2
/f+, 1
2
on the parameter T and ωc is shown in Fig. 1-3 with ωc = 3.2, 3.0, 2.8 GeV.
In the numerical analysis we choose the same stability region of (T, ωc) as those from the
mass sum rules. In this region there exists stability plateu for the sum rules (61)-(62). For
the sum rule (63) the gluon condensate contribution is much bigger than the perturbative
one, which results in the curves in Fig. 3.
Numerically we have: GK = −(1.0±0.20±0.25)GeV, GΣ = (0.013±0.005±0.002)GeV,
Here the first error comes from the variation with ωc and the second error is due to the
variation with T in the working region. G 1
2
, 3
2
/f+, 1
2
= (0.023± 0.003± 0.010)GeV. Finally
we arrive at r1,+, 3
2
= −(0.52±0.22)/mQ, r2,+, 3
2
= −(0.57±0.25)/mQ, δf 1
2
, 3
2
= (4.3±2.0)×
10−3/mQGeV5/2.
4 Mixing of the Two 1+ States
Diagonalizing the mixing mass matrix (42) we arrive at the physical eigenstates for the
two 1+ states up to the first order of 1/mQ.
|B′1〉 = cos θ|1,+,
1
2
〉 − sin θ|1,+, 3
2
〉 , (64)
|B1〉 = sin θ|1,+, 1
2
〉+ cos θ|1,+, 3
2
〉 , (65)
where θ is the mixing angle, which is determined by the folowing equation:
tan 2θ = −
2Cmagm 1
2
, 3
2
4mQ(Λ¯+, 1
2
− Λ¯+, 3
2
) + (K+, 1
2
−K+, 3
2
) + Cmag(Σ+, 1
2
+ 5Σ+, 3
2
)
. (66)
Numerically we get θ = −(0.10 ± 0.05) for the D system with mc = 1.4GeV and θ =
−(0.03± 0.015) for the B system with mb = 4.8GeV.
The corresponding interpolating currents which annihiliate one of these two states and
do not couple to the other up to the first order of 1/mQ can be written as
JB
′
1 = J1,+, 1
2
+ αJ1,+, 3
2
, (67)
JB1 = J1,+, 3
2
+ βJ1,+, 1
2
. (68)
In the discussion of the mixing of the two 1+ states we always use the current (6) with
derivatives. The mixing parameters α, β are determined from the orthonormal conditions
of the physical 1+ states:
〈0|JB′1|B1〉 = 0 , (69)
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〈0|JB1|B′1〉 = 0 . (70)
Solving the above equations we obtain
α = −
f1,+, 1
2
tan θ + δf 1
2
, 3
2
f1,+, 3
2
(71)
β =
f1,+, 3
2
tan θ − δf 3
2
, 1
2
f1,+, 1
2
(72)
With the values of f’s in (16)-(18), δf 1
2
, 3
2
and tan θ we get α = 0.22 ± 0.10, β =
−(0.06±0.03) for D′1, D1 and α = 0.065±0.032, β = −(0.02±0.01) for B′1, B1 respectively.
5 Pionic decay amplitudes of B1 up to the order of
O(1/mQ)
In this section we shall use the light-cone QCD sum rules (LCQSR) [8] to calculate the
partial widths of the pionic decay processes of B1 and B
∗
2 . The decay width of (1
+, 2+),
(0+, 1+) doublets have been calculated at the leading order in HQET with conventional
QCD sum rules [5]. Different from the conventional QCD sum rules, which is based on the
short distance operator product expansion (OPE), LCQSR is based on the OPE on the
light cone which is the expansion over the twists of the operators.
Denote the doublet (1+, 2+) by (B1, B
∗
2). Let us consider first the decay process B1 →
B∗π. ¿From (65) the decay amplitude can be written as
M(B1 → B∗π) = cos θM(3
2
+
) + sin θM(
1
2
+
) , (73)
where M(3
2
+
) and M(1
2
+
) denote contributions from the states jℓ =
3
2
+
and jℓ =
1
2
+
respectively. Up to the order of O(1/mQ) we can confine us to the leading order forM(12
+
)
and up to the next-to-leading order for for M(3
2
+
) in the 1/mQ expansion.
¿From covariance and conservation of the angular momentum of the light component
in the mQ →∞ limit, the leading order amplitudes have the general form:
M0(B1 → B∗π) =M0(3
2
+
) = I ǫ∗µην(q
µ
t q
ν
t −
1
3
gµνt q
2
t )g(B1, B
∗) , (74)
M(
1
2
+
) = I ǫ∗ · ηg′(B′1, B∗) , (75)
corresponding to the D-wave and S-wave for the pion respectively. Here ηµ and ǫµ are
polarization vectors for the states 1+ and 1− respectively. qtµ = qµ− v · qvµ. I =
√
2, 1 for
charged and neutral pion respectively.
The O(1/mQ) correction M1(32
+
) arises from the the terms K and S in the Lagrangian
in HQET. The operator K contributes only to the D-wave amplitude, while S contributes
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to both the D-wave and S-wave amplitudes. Therefore the total O(1/mQ) correction of
the decay amplitude M(B1 → B∗π) has the general form:
M1(B1 → B∗π) =M1d +M1s = I ǫ∗µην{(qµt qνt −
1
3
gµνt q
2
t )g1d + g
µν
t g1s} . (76)
In order to get a consistent expansion over 1/mQ we consider the correlator
∫
d4x e−ik·x〈π(q)|T
(
Jβ
1,−, 1
2
(0)J†αB1(x)
)
|0〉 , (77)
where JB1 is the interpolating current (68) for B1. It is implied that the O(1/mQ) terms
in the Lagrangian of HQET are included in the calculation of (77).
The pole term of (77) can be expressed up to the order O(1/mQ) as:
(f−, 1
2
+ δf−, 1
2
)(f+, 3
2
+ δf+, 3
2
)(M0 +M1d +M1s)
αβ
[2(Λ¯−, 1
2
+ δm−, 1
2
)− ω′][2(Λ¯+, 3
2
+ δm+, 3
2
)− ω]
+
d
2(Λ¯+, 3
2
+ δm+, 3
2
)− ω +
d′
2(Λ¯−, 1
2
+ δm−, 1
2
)− ω′] , (78)
which can be expanded as:
f−, 1
2
f+, 3
2
Mαβ0
(2Λ¯−, 1
2
− ω′)(2Λ¯+, 3
2
− ω) +
f−, 1
2
f+, 3
2
(r1,−, 1
2
+ r1,+, 3
2
)Mαβ0
(2Λ¯−, 1
2
− ω′)(2Λ¯+, 3
2
− ω) +
f−, 1
2
f+, 3
2
(M1d +M1s)
αβ
(2Λ¯−, 1
2
− ω′)(2Λ¯+, 3
2
− ω)
−
f−, 1
2
f+, 3
2
2δm 1
2
Mαβ0
(2Λ¯−, 1
2
− ω′)2(2Λ¯+, 3
2
− ω) −
f−, 1
2
f+, 3
2
2δm 3
2
Mαβ0
(2Λ¯−, 1
2
− ω′)(2Λ¯+, 3
2
− ω)2 + · · · ,(79)
where Mαβi , i = 0, 1, is defined by Mi = ǫ
∗
αηβM
αβ
i , and r1,−, 1
2
, r1,+, 3
2
is defined in Section
(4).
On the other hand (77) can be expanded as:
∫
d4x e−ik·x〈π(q)|T
(
Jβ
1,−, 1
2
(0)J†α
1,+, 3
2
(x)
)
|0〉
+β
∫
d4x e−ik·x〈π(q)|T
(
Jβ
1,−, 1
2
(0)J†α
1,+, 1
2
(x)
)
|0〉
+i
∫
d4xd4y e−ik·xeik
′·y〈π(q)|T
(
Jβ
1,−, 1
2
(y)
gs
4mQ
h¯v(0)σ ·Ghv(0)J†α1,+, 3
2
(x)
)
|0〉
+i
∫
d4xd4y e−ik·xeik
′·y〈π(q)|T
(
Jβ
1,−, 1
2
(y)
1
2mQ
h¯v(0)(iDt)
2hv(0)J
†α
1,+, 3
2
(x)
)
|0〉 , (80)
where the first term is the correlator at the leading order of 1/mQ expansion, the second
term is due to the mixing of two 1+ currents, the third and fourth term arises from the
O(1/mQ) corrections to the transition jℓ = 32
+
to jℓ =
1
2
−
due to the O(1/mQ) terms of
the Lagrangian in the order of O(1/mQ). These correlators will be calculated with OPE
and the leading order Lagrangian of HQET.
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6 The sum rules for the coupling constants g, g′ etc
We consider the correlators appearing in (80). They have the general form:
∫
d4x e−ik·x〈π(q)|T
(
Jβ
1,−, 1
2
(0)J†α
1,+, 3
2
(x)
)
|0〉 =
(
qαt q
β
t −
1
3
gαβt q
2
t
)
G(ω, ω′) , (81)
∫
d4x e−ik·x〈π(q)|T
(
Jβ
1,−, 1
2
(0)J†α
1,+, 1
2
(x)
)
|0〉 = gαβt G′(ω, ω′) , (82)
i
∫
d4xd4y e−ik·xeik
′·y〈π(q)|T
(
Jβ
1,−, 1
2
(y),
gs
4
h¯v(0)σ ·Ghv(0), J†α1,+, 3
2
(x)
)
|0〉 (83)
= mQ
((
qαt q
β
t −
1
3
gαβt q
2
t
)
GS1d(ω, ω
′) + gαβt G
S
1s(ω, ω
′)
)
,
i
∫
d4xd4y e−ik·xeik
′·y〈π(q)|T
(
Jβ
1,−, 1
2
(y),
1
2
h¯v(0)(iDt)
2hv(0), J
†α
1,+, 3
2
(x)
)
|0〉
= mQ
(
qαt q
β
t −
1
3
gαβt q
2
t
)
GK1d(ω, ω
′) , (84)
where k′ = k − q, ω = 2v · k, ω′ = 2v · k′ and q2 = m2π ≈ 0. The suffices K and S denote
the contributions from the operators from K and S respectively. The forms of the right
hand side of (81)-(82) are determined by that α and β are transverse indices, x − y = vt
on the heavy quark propagator and the conservation of angular momentum of the light
component.
For deriving QCD sum rules we first calculate the correlator (81), which is equal to
√
6
8
∫ ∞
0
dt
∫
dxe−ikxδ(−x− vt)Tr{γtβ(1 + vˆ)γ5(Dtα −
1
3
γtαDˆ
t)〈π(q)|u(0)d¯(x)|0〉} , (85)
By the operator expansion on the light-cone the matrix element of the nonlocal opera-
tors between the vacuum and pion state in (85) defines the two particle wave function of
the pion. Up to twist four the Dirac components of this wave function can be written as
[8]:
< π(q)|d¯(x)γµγ5u(0)|0 > = −ifπqµ
∫ 1
0
du eiuqx(ϕπ(u) + x
2g1(u) +O(x4))
+ fπ(xµ − x
2qµ
qx
)
∫ 1
0
du eiuqxg2(u) , (86)
< π(q)|d¯(x)iγ5u(0)|0 > = fπm
2
π
mu +md
∫ 1
0
du eiuqxϕP (u) , (87)
< π(q)|d¯(x)σµνγ5u(0)|0 > = i(qµxν − qνxµ) fπm
2
π
6(mu +md)
∫ 1
0
du eiuqxϕσ(u) . (88)
The wave function ϕπ is associated with the leading twist two operator, g1 and g2 corre-
spond to twist four operators, and ϕP and ϕσ to twist three ones. Due to the choice of
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the gauge xµAµ(x) = 0, the path-ordered gauge factor P exp (igs
∫ 1
0 dux
µAµ(ux)) has been
omitted. The coefficient in front of the r.h.s. of eqs. (87), (88) can be written in terms of the
light quark condensate < u¯u > using the PCAC relation: µπ =
m2π
mu +md
= − 2
f 2π
< u¯u >.
From (85), (86) and (88) we arrive at
G(ω, ω′) = −
√
6
8
ifπ
∫ ∞
0
dt
∫ 1
0
duei(1−u)
ωt
2 eiu
ω′t
2 u{ϕπ(u)+t2g1(u)+ it
q · vg2(u)+
it
6
µπϕσ(u)}+· · · .
(89)
For large euclidean values of ω and ω′ this integral is dominated by the region of small t,
therefore it can be approximated by the first a few terms.
Similarly we have:
G′(ω, ω′) = − i
4
q2t fπ
∫∞
0 dt
∫ 1
0 due
i(1−u)ωt
2 eiu
ω′t
2 u{ϕπ(u) + t2g1(u) + itq·vg2(u) + it6 µπϕσ(u)}+ · · ·
= + i
16
(ω − ω′)2fπ
∫∞
0 dt
∫ 1
0 due
i(1−u)ωt
2 eiu
ω′t
2 u{ϕπ(u) + t2g1(u) + itq·vg2(u) + it6 µπϕσ(u)}+ · · · ,(90)
with the current (6) for jl =
1
2
+
state. Or
G′(ω, ω′) =
i
4
fπ
∫ ∞
0
dt
∫ 1
0
duei(1−u)
ωt
2 eiu
ω′t
2 {µπϕP (u)− (q · v)[ϕπ(u)+ t2g1(u)]}+ · · · . (91)
with the current (4).
After double Borel transformation with the variables ω and ω′ the single-pole terms
in (78) are eliminated. Using (80), (81), (89) and subtracting the continuum contribution
which is modeled by the dispersion integral in region ω, ω′ ≥ ωc, we arrive at:
gf−, 1
2
f+, 3
2
= −
√
6
4
Fπe
Λ¯
−, 12
+Λ¯
+, 32
T {u0ϕπ(u0)T (1−e−
ωc
T )− 4
T
u0g1(u0)+
4
T
G2(u0)+
1
3
µπu0ϕσ(u0)} ,
(92)
with Fπ =
fπ√
2
= 92MeV, u0 ≡ T1T1+T2 , T ≡ T1T2T1+T2 , where T1, T2 are the Borel parameters and
G2(u0) ≡
∫ u0
0 ug2(u)du. In obtaining (92) we have used the Borel transformation formula:
BˆTω eαω = δ(α− 1T ).
Similarly, for the coupling constant g′ we have:
g′f−, 1
2
f ′
+, 1
2
= 1
8
Fπe
Λ¯
−, 12
+Λ¯
+,12
T { d2
du2
(
uϕπ(u)T
3f2(
ωc
T
)− 4ug1(u)Tf0(ωcT ) + 13µπuϕσ(u)T 2f1(ωcT )
)
|u=u0
+4 d
du
(ug2(u)) |u=u0Tf0(ωcT )} , (93)
with the current (6), where fn(x) = 1 − e−x
n∑
k=0
xk
k!
is the factor used to subtract the con-
tinuum. The derivative in (93) arises from the factor q2t in (90). We have used integration
by parts to absorb the factors q · v and (q · v)2. In this way we arrive at the simple form
after double Borel transformation.
With the current (4) we have
g′f−, 1
2
f+, 1
2
=
1
4
Fπe
Λ¯
−, 1
2
+Λ¯′
+,1
2
T {−ϕ′π(u0)T 2f1(
ωc
T
) + 2µπϕP (u0)Tf0(
ωc
T
) + 4g′1(u0)} , (94)
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where ϕ′π(u0), g
′
1(u0) are the first derivatives of ϕπ(u), g1(u) at u = u0.
For the O(1/mQ) correction to the decay amplitude for (jℓ = 32) → (jℓ = 12) + π, we
need to consider the correlators (83) and (84). In calculations of these correlators enter
the pion matrix elements of quark-gluon operators, which are parameterized in terms of
pion wave functions defined in [8]:
< π(q)|d¯(x)σαβγ5gsGµν(ux)u(0)|0 >=
if3π[(qµqαgνβ − qνqαgµβ)− (qµqβgνα − qνqβgµα)]
∫
Dαi ϕ3π(αi)eiqx(α1+vα3) , (95)
< π(q)|d¯(x)γµγ5gsGαβ(vx)u(0)|0 >=
fπ
[
qβ
(
gαµ − xαqµ
q · x
)
− qα
(
gβµ − xβqµ
q · x
)] ∫
Dαiϕ⊥(αi)eiqx(α1+vα3)
+fπ
qµ
q · x(qαxβ − qβxα)
∫
Dαiϕ‖(αi)eiqx(α1+vα3) (96)
and
< π(q)|d¯(x)γµgsG˜αβ(vx)u(0)|0 >=
ifπ
[
qβ
(
gαµ − xαqµ
q · x
)
− qα
(
gβµ − xβqµ
q · x
)] ∫
Dαiϕ˜⊥(αi)eiqx(α1+vα3)
+ifπ
qµ
q · x(qαxβ − qβxα)
∫
Dαiϕ˜‖(αi)eiqx(α1+vα3) . (97)
The operator G˜αβ is the dual of Gαβ : G˜αβ =
1
2
ǫαβδρG
δρ; Dαi is defined as Dαi =
dα1dα2dα3δ(1 − α1 − α2 − α3). The function ϕ3π is of twist three, while all the wave
functions appearing in eqs.(96), (97) are of twist four. The wave functions ϕ(xi, µ) (µ is
the renormalization point) describe the distribution in longitudinal momenta inside the
pion, the parameters xi (
∑
i xi = 1) representing the fractions of the longitudinal momen-
tum carried by the quark and the antiquark.
The wave function normalizations immediately follow from the definitions (86)-(97):∫ 1
0 du ϕπ(u) =
∫ 1
0 du ϕσ(u) = 1,
∫ 1
0 du g1(u) = δ
2/12,
∫ Dαiϕ⊥(αi) = ∫ Dαiϕ‖(αi) = 0,∫ Dαiϕ˜⊥(αi) = − ∫ Dαiϕ˜‖(αi) = δ2/3, with the parameter δ defined by the matrix element:
< π(q)|d¯gsG˜αµγαu|0 >= iδ2fπqµ.
For sum rules for the 1/mQ corrections we shall compare the double Borel transform of
(79) with those of (83) and (84) for the D-wave and S-wave part seperately. It is convenient
to confine kµ to be longitudinal, i.e., k
t
µ = 0. For the D-wave amplitude we have:
GS1d(ω, ω
′) = +
√
6
12
1
mQ
∫
dt1dt2Dαiα2[−f3π√2 (q · v)ϕ3π(αi) + Fπϕ⊥(αi) + Fπ2 ϕ˜‖(αi)]
eikvte−iqv[α3t2+α2(t1+t2)] , (98)
GS1s(ω, ω
′) =
q2t
3
GS1d(ω, ω
′) , (99)
GK1d(ω, ω
′) =
√
6
16
1
mQ
Fπ
∫∞
0 dt1dt2
∫ 1
0 due
i(1−u)ω(t1+t2)
2 eiu
ω′(t1+t2)
2 (k − uq)2tu{ϕπ(u)
+(t1 + t2)
2g1(u) +
i(t1+t2)
q·v g2(u) +
i(t1+t2)
6
µπϕσ(u)}+ · · · , (100)
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where (k − uq)2t = −u
2
4
(ω − ω′)2.
After double Borel transformation we have:
[(r1,−, 1
2
+ r1,+, 3
2
)g + g1d −
δm 1
2
+δm 3
2
T
g]f−, 1
2
f+, 3
2
= e
Λ¯
−, 1
2
+Λ¯
+, 3
2
T {−
√
6
3
Fπ
mQ
∫ Dαi α2α3 [ϕ⊥(αi) + 12 ϕ˜‖(αi)]
+
√
3
6
f3π
mQ
∫ Dαi 1α3 ddα2 (α2ϕ3π(αi))Tf0(ωcT ) +
√
6
16
Fπ
mQ
K(u0, T )} , (101)
where the function K(u0, T ) arises from the kinetic operator K, which is defined as:
K(u0, T ) ≡ d2du2
(
u3ϕπ(u)T
2f1(
ωc
T
)− 4u3g1(u) + 13µπu3ϕσ(u)Tf0(ωcT )
)
|u=u0
+4 d
du
(u3g2(u)) |u=u0 . (102)
In order to extract g1d we have to use the operator
d
dT
{T × (101)}.
For the S-wave part we find
g1sf−, 1
2
f+, 3
2
= e
Λ¯
−, 1
2
+Λ¯
+, 3
2
T {−
√
6
9
Fπ
mQ
q2t
∫ Dαi α2α3 [ϕ⊥(αi) + 12 ϕ˜‖(αi)]
+
√
3
18
f3π
mQ
q2t
∫ Dαi 1α3 ddα2 (α2ϕ3π(αi)) Tf0(ωcT )
+β
8
Fπ{ d2du2
(
uϕπ(u)T
3f2(
ωc
T
)− 4ug1(u)Tf0(ωcT ) + 13µπuϕσ(u)T 2f1(ωcT )
)
|u=u0
+4 d
du
(ug2(u)) |u=u0Tf0(ωcT )} , (103)
where β is defined in section 4 and its value is found through (72).
7 Sum rules for the pionic decay amplitudes of B∗2 up
to the order of O(1/mQ)
In the following we shall consider the O(1/mQ) correction to the pionic decay amplitude
of B∗2 meson. There are two decay channels. The decay amplitudes are:
M(B∗2 → Bπ) = I ηµνqµt qνt [ga(B∗2 , B) + ga1(B∗2 , B)] , (104)
M(B∗2 → B∗π) = I iεαβσρ ǫ∗αvβησµqρt qtµ[gb(B∗2 , B∗) + gb1(B∗2 , B∗)] , (105)
where ηµν is the polarization tensor of B
∗
2 meson, g
a, gb are the coupling constants at the
leading order of 1/mQ and g
a
1 , g
b
1 is the O(1/mQ) correction to ga, gb. It can be shown
[17] by combining heavy quark symmetry and chiral symmetry that at the leading order
of 1/mQ the coupling constants in (74), (104) and (105) satisfy
ga(B∗2 , B) = g
b(B∗2 , B
∗) =
√
2
3
g(B1, B
∗) . (106)
Angular momentum conservation requires that both operators K and S contribute to the
D-wave amplitude only, which is confirmed through explicit calculation. Moreover we do
not consider mixing effects for B∗2 meson, which is expected to be small.
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Since the detailed calculation is very similar to that for B1 meson, we present the final
results only:
[(r0,−, 1
2
+ r2,+, 3
2
)ga + ga1 −
δm 1
2
+δm 3
2
T
ga]f−, 1
2
f+, 3
2
= e
Λ¯
−, 1
2
+Λ¯
+,3
2
T { Fπ
mQ
∫ Dαi α2α3 [ϕ⊥(αi)− 12 ϕ˜‖(αi)]
−
√
2
4
f3π
mQ
∫ Dαi 1α3 ddα2 (α2ϕ3π(αi))Tf0(ωcT ) + 18 FπmQK(u0, T )} , (107)
[(r1,−, 1
2
+ r2,+, 3
2
)gb + gb1 −
δm 1
2
+δm 3
2
T
gb]f−, 1
2
f+, 3
2
= 1
2
Fπ
mQ
e
Λ¯
−, 1
2
+Λ¯
+,3
2
T {∫ Dαi α2α3 ϕ˜‖(αi) + 14K(u0, T )} , (108)
where the function K(u0, T ) is defined in (102).
Note that the corrections to the leading order coupling constants from the kinetic
operator K satisfy the same relation as (106), which is an expected result since K does not
depend on the spin.
8 Numerical analysis of the sum rules
In the numerical analysis we shall take T1 = T2 = 2T and u0 = 1/2 as done in [8] and [9].
Although the initial and final heavy meson states are different in their masses, this seems
to be a reasonable approximation in view of the large value of T1 and T2 used below.
Note that our sum rules depend on the pion wave functions and the integrals or deriva-
tives of them at the point u0 =
1
2
. Since δ2 is numerically small, the uncertanty due to
the integral term G2(u0) is insignificant. The values of the wave functions at u0 have been
determined quite well and their dependence on the renormalization scale is very weak [8].
The first derivatives at u0 are zero. The second derivatives are very sensitive to the detailed
shape of the wave functions. Usually only the lowest few moments of the wave functions
can be determined by QCD sum rules. There are many wave functions satisfying these
constraints from moments. With the form of wave functions in [8], the final sum rules are
sensitive to the renormalization scale and the coefficients ai in ϕπ(u) due to its large value.
This fact indicates that the not-well-known nonperturbative contribution from condensates
in the QCD vacuum and the even higher twist wave functions might be important. In order
to estimate the corrections from the above sources we present the detailed expressions of
the pion wave functions and their second derivatives in order to show the dependence on
the parameters ωi,j in them.
There are many discussions about ϕπ(u) in literature [12, 13, 8, 14, 15, 16]. The model
wave function for ϕπ(u) based on the QCD sum rule approach was given in [8] as:
ϕπ(u, µ) = 6uu¯
(
1 + a2(µ)
3
2
[5(u− u¯)2 − 1] + a4(µ)15
8
[21(u− u¯)4 − 14(u− u¯)2 + 1]
)
.
(109)
Yet the authors pointed out that the oscillations of (109) around u0 =
1
2
is unphysical, which
is due to the truncation of the series and keeping only the first a few terms when ϕπ(u) is
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expanded over Gegenbauer polynominals. In [15] it was stressed that: (1) the expansion
over Gegenbauer polynominals converges very slowly as can be seen from the large value
of a2 and a4; (2) any oscillating wave function is not physical, since no detached scale is
seen to govern such oscillations. Recently Mikhailov and Radyushkin [16] reanalysed the
QCD sum rules for ϕπ(u) taking into account the nonlocality of the condensates. They
suggested the following wave function:
ϕπ(u) =
8
π
√
u(1− u) , (110)
which is close to the asymptotic form and the suggested pion wave function in [15]:
ϕπ(u) = Nexp
(
− m
2
8β2u(1− u)
)
[µ2 + µµ˜+ (µ˜2 − 2)u(1− u)] , (111)
where N = 4.53, µ = m
2β
, µ˜ = 1
2β
(
1
4
mπ +
3
4
mρ
)
= m˜
2β
with m = 330MeV, m˜ = 620MeV, and
β = 320MeV. The Brodsky-Huang-Lepage wave function is also close to the asymptotic
form except for the different behavior at end points [14]:
ϕπ(u) = 9.05u(1− u)exp
(
− M
2
8α2u(1− u)
)
, (112)
where M = 289MeV and α = 385MeV. The asymptotic form of ϕπ(u) reads:
ϕasymπ (u) = 6u(1− u) . (113)
For the other pion wave functions we use the results given in [8]. The detailed expres-
sions of the pion wave functions relevant in our calculation are:
ϕ3π(αi) = 360α1α2α
2
3[1 + ω1,0
1
2
(7α3 − 3) + ω2,0(2− 4α1α2 − 8α3 + 8α23)
+ω1,1(3α1α2 − 2α3 + 3α23)] , (114)
ϕP (u, µ) = 1 +B2(µ)
1
2
[3(u− u¯)2 − 1] +B4(µ)1
8
[35(u− u¯)4 − 30(u− u¯)2 + 3], (115)
ϕσ(u, µ) = 6uu¯
(
1 + C2(µ)
3
2
[5(u− u¯)2 − 1] + C4(µ)15
8
[21(u− u¯)4 − 14(u− u¯)2 + 1]
)
,
(116)
ϕ⊥(αi) = 30δ2(α1 − α2)α23[
1
3
+ 2ǫ(1− 2α3)] , (117)
ϕ˜‖(αi) = −120δ2α1α2α3[1
3
+ ǫ(1− 2α3)] , (118)
g1(u) =
5
2
δ2u¯2u2 +
1
2
ǫδ2[u¯u(2 + 13uu¯) + 10u3 lnu(2− 3u+ 6
5
u¯2)
+10u¯3 ln u¯(2− 3u¯+ 6
5
u¯2) , (119)
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g2(u) =
10
3
δ2u¯u(u− u¯) , (120)
G2(u) = −10
3
δ2u3(
2
5
u2 − 3
4
u+
1
3
) , (121)
where u¯ = 1 − u, B2 = 30R, B4 = 32R(4ω2,0 − ω1,1 − 2ω1,0), C2 = R(5 − 12ω1,0), C4 =
1
10
R(4ω2,0− ω1,1) and R = f3πµπfπ . The coefficients f3π, ωi,k [21], δ2 [22] and ǫ [23] have been
determined from QCD sum rules.
We shall take the scale µ = 3
4
ωc = 2.4GeV, at which the various parameters are:
a2 = 0.35, a4 = 0.18, ω1,0 = −2.18, ω2,0 = 8.12, ω1,1 = −2.59, f3π = 0.0026GeV2,
µπ = 2.02GeV, δ
2 = 0.17GeV2, ǫ = 0.36.
ϕπ(u0) =
3
2
(1− 3
2
a2 +
15
8
a4), (122)
ϕP (u0) = 1− 1
2
B2 +
3
8
B4, (123)
ϕσ(u0) =
3
2
(1− 3
2
C2 +
15
8
C4), (124)
g1(u0) = (
5
32
− 0.037ǫ)δ2, (125)
G2(u0) = − 7
288
δ2, (126)
ϕ′′π(u0) = −12(1− 9a2 +
225
8
a4), (127)
ϕ′′σ(u0) = −12(1− 9C2 +
225
8
C4), (128)
g′′1(u0) = −(2.5 + 7.4ǫ)δ2, (129)
g′2(u0) =
5
3
δ2, (130)
∫
Dαiα2
α3
ϕ⊥(αi) = − δ
2
12
(1 + 2ǫ) , (131)
∫
Dαiα2
α3
ϕ˜‖(αi) = −(2
3
+ ǫ)δ2 , (132)
∫
Dαi 1
α3
d
dα2
[α2ϕ3π(αi)] = 6− 2ω1,0 − 4
7
ω2,0 +
8
7
ω1,1 , (133)
where the parameters ai, Bi, Ci, ωi,j and ǫ indicate the deviation from the asymtotic form
of pion wave functions.
At u0 =
1
2
the values of the functions appearing in (92)-(107) are: ϕπ(u0) = 1.22,
1.273, 1.25, 1.71, 1.5 for the wave functions (109)-(113) resepctively, ϕP (u0) = 1.07,
ϕσ(u0) = 1.55, g1(u0) = 0.022GeV
2, g2(u0) = 0 and G2(u0) = −4.1×10−3GeV2. Their first
derivatives satisfy: ϕ′π(u0) = ϕ
′
P (u0) = ϕ
′
σ(u0) = g
′
1(u0) = G
′
2(u0) = 0. And their second
derivatives are: ϕ′′π(u0) = −35, −5.09, −0.02, −17.50, −12 for (109)-(113) resepctively,
ϕ′′σ(u0) = −17, g′′1(u0) = −0.88GeV2, g′2(u0) = 0.28GeV.
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Note the theoretical side of the sum rules (101), (107) and (108) depends on ϕπ(u) only
through the combination [u3ϕπ(u)]
′′
u0 = 3ϕπ(u0) +
1
8
ϕ′′π(u0) in K(u0, T ). Its value is 3.18,
3.75, 2.93 and 3 for (110)-(113) resepctively, which is relatively close to each other. We
shall present numerical results using the wave function (112).
The dependence on the Borel parameter T of f−, 1
2
f+, 3
2
g, f−, 1
2
f+, 1
2
g′, mQf−, 1
2
f+, 3
2
g1s,
mQf−, 1
2
f+, 3
2
(
(r1,−, 1
2
+ r1,+, 3
2
)g + g1d
)
, mQf−, 1
2
f+, 3
2
(
(r0,−, 1
2
+ r2,+, 3
2
)ga + ga1
)
, and
mQf−, 1
2
f+, 3
2
(
(r1,−, 1
2
+ r2,+, 3
2
)gb + gb1
)
are shown in Fig. 4-10 with ωc = 3.2, 3.0, 2.8 GeV
and the pion wave function (112). Requiring that the higher twist contribution is less than
30% of the whole sum rule, we get the lower limit for the Borel parameter T , T ≥ 1.0GeV.
Requiring that the continuum contribution is less than 40% of the whole sum rule, we get
the upper limit, T ≤ 2.5GeV.
Our results read:
f−, 1
2
f+, 3
2
g = −(0.23± 0.02± 0.01) GeV3 , (134)
f−, 1
2
f ′+, 1
2
g′ = −(0.41± 0.03± 0.04) GeV5 (135)
with the current (6), or
f−, 1
2
f+, 1
2
g′ = (0.41± 0.03± 0.01) GeV4 (136)
with the current (4),
f−, 1
2
f+, 3
2
g1s =
0.038± 0.005± 0.006
mQ
GeV5 (137)
f−, 1
2
f+, 3
2
[(r1,−, 1
2
+ r1,+, 3
2
)g + g1d] =
0.21± 0.04± 0.02
mQ
GeV3 , (138)
f−, 1
2
f+, 3
2
[(r0,−, 1
2
+ r2,+, 3
2
)ga + ga1 ] =
0.17± 0.01± 0.02
mQ
GeV3 , (139)
f−, 1
2
f+, 3
2
[(r1,−, 1
2
+ r2,+, 3
2
)gb + gb1] =
0.17± 0.01± 0.02
mQ
GeV3 . (140)
The central values conrespond to T = 1.3GeV and ωc = 3.0GeV. The first and second
error refers to the variation with T and ωc respectively. The inherent uncertainties due to
the method of QCD sum rules and the pion wave functions are not included here.
With the central values of f’s in (16)-(18) and the values of r’s in section 3, we arrive
at:
g = −(4.83± 0.4± 0.2) GeV−2 , (141)
g′ = −(4.43± 0.33± 0.44) (142)
with the current (6), or
g′ = −(4.1± 0.3± 0.3) (143)
with the current (4),
g1s =
0.77± 0.19± 0.19
mQ
, (144)
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g1d = −2.1± 1.0
mQ
GeV−2 , (145)
ga1 = −
1.6± 0.8
mQ
GeV−2 , (146)
gb1 = −
1.6 ± 0.8
mQ
GeV−2 . (147)
We have not included the errors due to the uncertainty of f’s in (141)-(147), which is about
20%.
Therefore, with the pion wave function ϕπ(u) in (112) the D-wave coupling constants
are gd(B1, B
∗) = −(4.83+ 2.1
mQ
) = −5.27GeV−2, gd(B∗2 , B) = −(3.94+ 1.6mQ ) = −4.27GeV−2,
gd(B
∗
2 , B
∗) = −(3.94 + 1.91
mQ
) = −4.34GeV−2 with mb = 4.8GeV. Strong cancellation ocurrs
forO(1/mQ) corrections to the coupling constants from the operatorK. At the phenomeno-
logical side the factor (r1,−, 1
2
+ r1,+, 3
2
) is somewhat large. Luckily the O(1/mQ) correction
on the theoretical side has the same sign as (r1,−, 1
2
+ r1,+, 3
2
)g. Moreover their magnitude
is close to each other. Their contribution cancels largely. As the result the O(1/mQ) cor-
rection is about of 9% for the B1 and 8% for B
∗
2 meson respectively. As mentioned above,
since (101), (107) and (108) depend on the second derivative of u3ϕπ(u) at u0 =
1
2
, the
O(1/mQ) correction to the D-wave coupling constants has a weak dependence on the the
detailed shape of ϕπ(u) around u0 =
1
2
. For example, if we use the pion wave function
ϕπ(u) in (110), the O(1/mQ) correction to the D-wave coupling constants is about 4% for
the B1 and 3% for B
∗
2 meson respectively. The O(1/mQ) correction has the same sign as
the leading order coupling constant g using all the five forms of ϕπ(u) in (109)-(113).
9 Pionic widths of mesons in the (1+, 2+) doublet and
discussions
From the above results, it is straightforward to derive the decay widths for B1 and B
∗
2 .
Summing over charged and neutral pion channels the decay widths are:
Γ(B1 → B∗π) = 1
12π
(g2 + 2gg1d)|~q|5 + 3
8π
g21s|~q| , (148)
Γ(B∗2 → Bπ) =
1
20π
(g2a + 2g
aga1)|~q|5 , (149)
Γ(B∗2 → B∗π) =
3
40π
(g2b + 2g
bgb1)|~q|5 . (150)
The last term in (148) is formally of O(1/m2Q). However, due to the large space phase
factor for the S-wave decay it is numerically not small.
The masses of B1, B
∗
2 are not known experimentally. The decay width is sensitive to
the B1, B
∗
2 masses. If we use the pion wave function (112) in [14], the decay widths are:
Γ(B1 → B∗π) = 7.0×
( |~q|
395MeV
)5
+ 1.2×
(
β
0.02
)2 ( |~q|
395MeV
)
MeV , (151)
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Γ(B∗2 → Bπ) = 5.4×
( |~q|
450MeV
)5
MeV , (152)
Γ(B∗2 → B∗π) = 4.9×
( |~q|
405MeV
)5
MeV , (153)
where the decay momentum |~q| is in unit of MeV respectively.
If we assume the heavy quark expansion is also good for the charm system, the decay
widths of D1 and D
∗
2 are:
Γ(D1 → D∗π) = 6.2 + 9.7×
(
β
0.06
)2
MeV , (154)
Γ(D∗2 → Dπ) = 13.7 MeV , (155)
Γ(D∗2 → D∗π) = 6.1 MeV , (156)
where we have used the decay momenta |~q| = 355, 503 and 387 Mev respectively for the
above three processes listed in [24]. Experimentally, the total decay widths of D1 and D2
are 18.9+4.6−3.5MeV and 23
+5
−5MeV respectively.
In summary, in this work we have improved previous results about the kinetic energy
K and chromomagnetic splitting Σ of the excited heavy mesons in HQET. We have carried
out a systematic expansion up to the order O(1/mQ) for the pionic decay amplitutes of
B1 and B
∗
2 in the framework of HQET and light-cone sum rules. The mixing of the two
1+ states has been properly taken into account. The O(1/mQ) correction to the decay
amplitutes of B1 and B
∗
2 derived from the light-cone sum rule is small. When applied
to D1 and D
∗
2 the central theoretical values are in good agreement with the experimental
data, though the theoretical uncertainty is sizable for the D system.
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Figure Captions
Fig. 1. The sum rules for GK as a functions of the Borel parameter T for
different values of the continuum threshold ωc. From bottom to top the curves
correspond to ωc = 3.2, 3.0, 2.8 GeV respectively. The unit of T , GK is GeV.
Fig. 2. The sum rules for GΣ with ωc = 3.2, 3.0, 2.8 GeV with the curves from
top to bottom.
Fig. 3. The sum rules for G 1
2
, 3
2
/f+, 1
2
with ωc = 3.2, 3.0, 2.8 GeV.
Fig. 4. The sum rules for f−, 1
2
f+, 3
2
g with ωc = 3.2, 3.0, 2.8 GeV with the pion
wave function in (112) in [14].
Fig. 5. The sum rules for f−, 1
2
f+, 1
2
g′ with the current (6) and ωc = 3.2, 3.0, 2.8
GeV.
Fig. 6. The sum rules for f ′−, 1
2
f+, 1
2
g′ with the current (4) ωc = 3.2, 3.0, 2.8
GeV.
Fig. 7. The sum rules for mQf−, 1
2
f+, 3
2
g1s with ωc = 3.2, 3.0, 2.8 GeV.
Fig. 8. The sum rules for mQf−, 1
2
f+, 3
2
(
(r1,−, 1
2
+ r1,+, 3
2
)g + g1d
)
with ωc =
3.2, 3.0, 2.8 GeV.
Fig. 9. The sum rules for mQf−, 1
2
f+, 3
2
(
(r0,−, 1
2
+ r2,+, 3
2
)ga + ga1
)
with ωc =
3.2, 3.0, 2.8 GeV.
Fig. 10. The sum rules for mQf−, 1
2
f+, 3
2
(
(r1,−, 1
2
+ r2,+, 3
2
)gb + gb1
)
with
ωc = 3.2, 3.0, 2.8 GeV.
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